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HOMOGENEOUS EINSTEIN METRICS ON EUCLIDEAN SPACES ARE
EINSTEIN SOLVMANIFOLDS
CHRISTOPH BO¨HM AND RAMIRO A. LAFUENTE
Abstract. We show that homogeneous Einstein metrics on Euclidean spaces are Einstein
solvmanifolds, using that they admit periodic, integrally minimal foliations by homogeneous
hypersurfaces. For the geometric flow induced by the orbit-Einstein condition, we construct
a Lyapunov function based on curvature estimates which come from real GIT.
A Riemannian manifold (Mn, g) is called Einstein, if its Ricci tensor satisfies ricg = λ ·g, for
some Einstein constant λ ∈ R. As is well known, for n ≤ 3 this implies constant sectional cur-
vature. Topological obstructions to the existence of compact Einstein 4-manifolds are known,
see [Tho69], [Hit74], [LeB95], [LeB96] and [And10]. In dimensions n ≥ 5, compact simply-
connected Einstein manifolds with positive Einstein constant are also topologically obstructed,
see [Sto92], whereas for negative Einstein constant no such obstruction is known.
Many examples of compact Einstein manifolds have been constructed using bundle, symme-
try and holonomy assumptions: see [Bes87], [Wan99], [Wan12], [Joy00] and references therein.
Among many others, we mention homogeneous Einstein metrics [WZ86], [BWZ04], Einstein
metrics on spheres [Bo¨h98], [BGK05], [FH17], Ricci-flat manifolds with holonomy G2 and
Spin(7) [Joy96a], [Joy96b], and Ka¨hler-Einstein manifolds, whose classification could be com-
pleted recently [Aub76], [Yau78], [CDS15a],[CDS15b], [CDS15c], [Tia15].
Non-compact Einstein manifolds have non-positive Einstein constant and, in contrast to the
compact case, no topological obstruction is known in dimensions n ≥ 4. As in the compact case,
there exist plenty of examples, see [Bry87], [BS89], [AKL89], [Biq13], [Biq16] and the survey
articles mentioned above. These include irreducible non-compact symmetric spaces, and more
generally non-compact homogeneous Einstein spaces. The latter are flat for zero Einstein
constant by [AK75], and for negative Einstein constant, Alekseevskii’s conjecture states that
Mn is diffeomorphic to Euclidean space Rn: see [Ale75], [Bes87].
The main result of this paper is
Theorem A. Homogeneous Einstein metrics on Rn are isometric to Einstein solvmanifolds.
Recall that a simply-connected solvmanifold is a solvable Lie group endowed with a left-
invariant metric. Theorem A was known for Ricci-flat homogeneous spaces [AK75], for homo-
geneous R-bundles over irreducible Hermitian symmetric spaces, see [BB78] and Remark 3.2,
and in dimensions n ≤ 5 and n = 7 [AL17], leaving open the case of the 6-dimensional universal
cover SL∗(2,R)
2 of SL(2,R)2. In this direction, we would like to mention that our methods
also yield new results beyond Theorem A, such as the non-existence of left-invariant Einstein
metrics on SL∗(2,R)
k for all k ≥ 2: see Corollary 6.4.
The main difficulty in proving Theorem A is that Euclidean spaces admit extremely different
presentations as a homogeneous space G/H. Firstly, Rn is a solvmanifold, which in dimension
n = 3 already provides uncountably many algebraically distinct choices [Bia98]. Diametrically
opposed, it is also a homogeneous space for G semisimple, such as R3k = SL∗(2,R)
k, k ≥ 1,
or R2m+1 being the universal cover of SO(m, 2)/SO(m), m ≥ 3: see Remark 3.2 for further
examples. Finally and more generally, semidirect products of the above cases occur.
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Next, we restate the following important classification result of Lauret:
Theorem B ([Lau10]). Einstein solvmanifolds are standard.
The standard condition, described below, is an algebro-geometric condition introduced and
extensively studied by Heber in [Heb98]. For standard Einstein solvmanifolds of fixed dimen-
sion, he showed finiteness of the eigenvalue type of the modified Ricci curvature, see below,
a result intimately related to the finiteness of critical values of a (real) moment map. Even
though a complete classification is out of reach at the moment, see [Lau09], Theorem A to-
gether with [Lau10] and [Heb98] would provide a very precise understanding of all non-compact
homogeneous Einstein manifolds, provided the Alexseevskii conjecture holds true.
A Ricci soliton (Mn, g) is a Riemannian manifold satisfying ricg +LXg = λ · g, λ ∈ R,
where LXg denotes the Lie derivative of g in the direction of a smooth vector field X on M
n.
Recall now that a homogeneous Ricci soliton on Rn gives rise to a homogeneous Einstein space
(Rn+1, gˆ): see [LL14], [HPW15]. Since by work of Jablonski [Jab15b] Einstein solvmanifolds
are strongly solvable spaces, from Theorem A we deduce
Corollary C. Homogeneous Ricci solitons on Rn are isometric to solvsolitons.
Solvsolitons, introduced in [Lau11], are homogeneous Ricci solitons admitting a transitive
solvable Lie group S of isometries. It is shown in [Jab15a] that S may be chosen to be simply-
transitive, such that the Ricci endomorphism satisfies Ricg −λ · Id = D, where D is a derivation
of the Lie algebra TeS. It follows that the corresponding Ricci flow solution is driven by the
one-parameter group of automorphisms of S corresponding to D. Automorphisms are precisely
those diffeomorphisms which preserve the space of left-invariant metrics on S.
A simply-connected homogeneous space is diffeomorphic to Rn if and only if all its homoge-
neous metrics have non-positive scalar curvature [BB78]. As a consequence homogeneous Ricci
flow solutions on Rn always exist for all positive times [Laf15]. By [BL18] and Corollary C it
then follows that any parabolic blow-down of such a solution subconverges to a limit solvsoliton
in pointed Cheeger-Gromov topology. Notice that for the semisimple Lie group SL∗(2,R)
k this
means that for generic left-invariant initial metrics the Lie group structure of their full isometry
group changes completely when passing to a limit.
Turning to the proof of Theorem A, we would like to mention that all the algebraic struc-
ture results for non-compact homogeneous Einstein manifolds developed in [LL14], [JP17] and
[AL17] yield for instance no information whatsoever for the presentation R3k = SL∗(2,R)
k.
Therefore, a purely algebraic proof of Theorem A is elusive at the moment. To overcome
this, we prove that homogeneous Euclidean Einstein spaces admit cohomogeneity-one actions
by non-unimodular subgroups G¯ of G, with orbit space R. We then show periodicity of the
corresponding foliation by orbits, meaning that after passing to a quotient, which is still homo-
geneous, the orbit space becomes S1, and that the integral of the mean curvature of the orbits
over the orbit space vanishes, a condition we call integral minimality. This then reduces the
proof of Theorem A essentially to the following second main result of this paper.
Theorem D. Suppose that (Mn, g) admits an effective, cohomogeneity-one action of a Lie
group G¯ with closed, integrally minimal orbits and Mn/G¯ = S1. If in addition (Mn, g) is orbit-
Einstein with negative Einstein constant, then all orbits are standard homogeneous spaces.
A cohomogeneity-one manifold (Mn, g) is called orbit-Einstein with negative Einstein con-
stant, if for λ < 0 we have ricg(X,X) = λ · g(X,X) for all vectors X tangent to orbits.
Generalizing [Heb98], we say that a homogeneous space (G¯/H¯, g¯) is standard, if the Riemann-
ian submersion induced by the free isometric action of the maximal connected normal nilpotent
subgroup N¯ ≤ G¯ on G¯/H¯ has integrable horizontal distribution: see Definition 2.1.
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Finally, let us mention that Theorem D immediately implies Theorem B when applying it to
the Riemannian product of a circle and an Einstein solvmanifold. Other non-existence results
on homogeneous and cohomogeneity-one Einstein metrics include [WZ86], [Bo¨h99b], [Nik00],
[Bo¨h05], [JP17], [AL17].
We turn now to the proof of Theorem D. Since the G¯-orbits form a family of equidistant
hypersurfaces in Mn, we write g = dt2+ gt, t ∈ R, for a smooth curve of homogeneous metrics
gt on M¯ = G¯/H¯. By the Gauß equation, the Riccati equation and [Bo¨h99a], the orbit-Einstein
equation (4) on (Mn, g) with Einstein constant −1 can be considered as the following ‘second
order Ricci flow’ on the space of homogeneous metrics on M¯ :
D2
dt2 gt = −(trLt) · g
′
t + 2 ricgt +2gt .(1)
Here trLt denotes the mean curvature of an orbit and
D
dt the covariant derivative of the sym-
metric metric on the symmetric space of G¯-homogeneous metrics on G¯/H¯.
We decompose the Ricci tensor ricg¯ of a homogeneous space (M¯ = G¯/H¯, g¯) as a sum of
two tensors, one tangent to the Diff G¯(M¯)-orbit through g¯, and another one, the modified Ricci
curvature ric⋆g¯, orthogonal to it. Here, Diff G¯(M¯) denotes the set of those diffeomorphisms of M¯
which preserve the space of G¯-invariant metrics when acting by pull-back; algebraically these
are just the automorphisms of G¯ preserving H¯. Denoting scal⋆g¯ = trg¯ ric
⋆
g¯, we set
h(g¯) := 12 · (scal
⋆
g¯ − scalg¯) ≥ 0 ,
see Lemma 1.3 and Remark 1.4. Algebraically, h = 0 if and only if the group G¯ is unimodular.
Using the orbit-Einstein equation for (Mn, g) and the compactness of the orbit space we
establish a maximum principle for the real-valued function h(t) := h(gt): see Lemma 1.3 and
Lemma 2.5. This yields an upper bound for 2h given by trβ+ = n − 1/‖β‖2 ≥ 0. Here β is
the stratum label of the homogeneous space G¯/H¯, a self-adjoint endomorphism, coming from
the Morse-type, Ness-Kirvan stratification of the space of Lie brackets on TeG¯ introduced by
Lauret [Lau10]: see Appendix B and [BL18]. From this a priori estimate for h we establish
in Lemma 2.6 the existence of a Lyapunov function for the orbit-Einstein equation. Using
that the orbits are integrally minimal it follows that this Lyapunov function is periodic, hence
constant. As a consequence, several inequalities become equalities and Theorem D follows.
Finally, we indicate how Theorem D implies Theorem A. Using the standard condition for
the given homogeneous Einstein space (Rn = G/H, g), see [LL14], and all the codimension-one
orbits, one shows that the simple factors of a Levi factor L ≤ G are pairwise orthogonal: see
Proposition 6.1. Together with the condition G/H ≃ Rn, this implies that the induced metric
on L/H is awesome, that is, it admits an orthogonal Cartan decomposition. This leads to a
contradiction by [Nik00], unless the Levi factor is trivial, in which case G is solvable.
The article is organized as follows. In Section 1 we discuss the cohomogeneity one Einstein
equation and derive the evolution equation for h(t) induced by (1). In Section 2 we prove
Theorem D by establishing a maximum principle for h and by defining a new Lyapunov function
for (1). In Section 3 we introduce the assumptionM ≃ Rn which will be used from here on, and
characterise certain minimal presentations of homogeneous Euclidean spaces and prove their
periodicity in Section 4. In Section 5 integral minimality of the so called Levi presentations
is shown, and finally, in Section 6 we prove Theorem A and Corollary C. In Appendix A we
address elementary algebraic properties of homogeneous spaces, and Appendix B contains the
necessary preliminaries on GIT and the β-endomorphism associated to a homogeneous space.
Acknowledgements. The authors would like to thank Michael Jablonski for his useful comments
on a first version of this article.
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1. The cohomogeneity-one Einstein equation
Let G¯ be a connected Lie group acting on a complete, connected Riemannian manifold
(Mn, g) by (g, p) 7→ g ·p for g ∈ G¯ and p ∈Mn. We assume that the action is proper, isometric,
effective and with cohomogeneity one. By [Kos65], properness ensures that the orbits are
embedded submanifolds, and that the isotropy subgroups are compact.
Let us in addition assume that all orbits are principal. Then by [Pal61], the orbit space
Mn/G¯ is diffeomorphic to R or S1. Choose γ : R→Mn a unit speed geodesic intersecting all
orbits orthogonally, and set Σt := G¯ · γ(t). Let N denote the unit normal vector field of the
foliation Σt of M
n with γ′(t) = Nγ(t) for all t ∈ R. Then, all integral curves of N are unit
speed geodesics intersecting all G¯-orbits Σt orthogonally.
Infinitesimally, the G¯-action induces a Lie algebra homomorphism g¯ := Lie(G¯) → X(Mn)
assigning to each X ∈ g¯ a Killing field on (Mn, g), also denoted by X , and given by
(2) Xp :=
d
dt
∣∣
t=0
exp(tX) · p, p ∈Mn .
Since the flow of Killing fields consists of isometries, it maps geodesics onto geodesics, and
consequently [X,N ] = 0 where [ · , · ] denotes the Lie bracket of smooth vector fields on Mn.
Since Σ0 is a principal orbit, the isotropy subgroup H¯ := G¯γ(0) at γ(0) fixes all points γ(t),
hence G¯γ(t) = H¯ for all t. Set h¯ := Lie(H¯) and let g¯ = h¯ ⊕ m¯ be the ‘canonical’ reductive
decomposition: m¯ is the orthogonal complement of h¯ in g¯ with respect to the Killing form Bg¯
of g¯. By (2) we obtain for all t an identification
(3) Tγ(t)Σt ≃ m¯ ,
which will be used constantly in what follows. In particular, the metric g on Mn induces a
family of Ad(H¯)-invariant scalar products (gt)t∈R on m¯.
Let Lt ∈ End(m¯) denote the shape operator of Σt at γ(t) evaluated on Killing fields:
gt(LtX,Y ) = g(∇XN, Y )γ(t) = −g(γ
′(t),∇XY ), X, Y ∈ m¯,
since g(N, Y ) ≡ 0. Here ∇ denotes the Levi-Civita connection of (Mn, g).
Lemma 1.1. The scalar products (gt)t∈R on m¯ evolve by g
′
t( · , ·) = 2 gt(Lt · , ·).
Proof. Since g([X,Y ], γ′(t))γ(t) = 0 for X,Y ∈ m¯, Lt is gt-symmetric. Thus,
d
dt g(X,Y )γ(t) = g(∇γ′(t)X,Y ) + g(X,∇γ′(t)Y ) = −2gt(LtX,Y ) ,
where we have used that ∇·X,∇·Y are skew-symmetric. 
Let rict ∈ Sym
2(m¯) denote the Ricci curvature of (Σt, gt) at γ(t), and Rict ∈ End(m¯) the
gt-symmetric Ricci operator defined by
rict(X,Y ) = gt(RictX,Y ), X, Y ∈ m¯ .
Proposition 1.2. If ricg(X,X) = −g(X,X) for all X ∈ m¯, then
L′t = −(trLt) · Lt +Rict+Idm¯ ,(4)
Proof. The Gauss equation for the hypersurface Σt ⊂M
n gives
ricg(X,Y ) = rict(X,Y ) + g(RNX,Y ) + g(LtX,LtY )− (trLt) · g(LtX,Y ),
for Killing fields X,Y ∈ m¯, where RNX = Rmg(X,N)N . The claim now follows from the
Riccati equation ∇NL+ L+RN = 0 using that L
′ = ∇NL; see [EW00]. 
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A Lie group G¯ is unimodular if tr ad(X) = 0 for all X ∈ g¯, ad(X) : g¯ → g¯, Y 7→ [X,Y ].
If G¯ is not unimodular, then it contains a normal, unimodular subgroup G¯u with Lie algebra
g¯u := {X ∈ g¯ : tr ad(X) = 0}. It follows that each G¯-orbit (Σt, gt) is foliated by pairwise
isometric G¯u-orbits of codimension one with a G¯-invariant mean curvature vector field. At the
point γ(t) ∈ G¯u · γ(t) ⊂ Σt we can consider this mean curvature vector as Ht ∈ m¯, using (3).
An algebraic description of Ht is given in [Bes87, Lemma 7.32]:
(5) gt(Ht, X) = tr ad(X), ∀X ∈ m¯.
Lemma 1.3. The function
h : R→ R ; t 7→ 12 gt(Ht,Ht)
satisfies the following evolution equations:
H′t = −2LtHt , h
′ = −gt(LtHt,Ht) , h
′′ = 2 ‖LtHt‖
2
t − gt(L
′
tHt,Ht).
Moreover, if ricg(X,X) = −g(X,X) for all X ∈ m¯ then
h′′ = 2 ‖LtHt‖
2
t − (trLt)h
′ − 2 h− rict(Ht,Ht).
Proof. Differentiating (5) and using Lemma 1.1 we get 0 = gt(H
′
t, X) + 2 gt(LtHt, X) for all
X ∈ m¯, which gives the first formula. Using that, we may compute
h′ = 12 g
′
t(Ht,Ht) + gt(H
′
t,Ht) = −gt(LtHt,Ht).
Differentiating once more and using Lemma 1.1 again we obtain
h′′ = −g′t(LtHt,Ht)− gt(L
′
tHt,Ht)− 2 gt(LtH
′
t,Ht) = 2 ‖LtHt‖
2
t − gt(L
′
tHt,Ht).
Finally, the last claim follows from Proposition 1.2. 
Remark 1.4. For any homogeneous space (G¯/H¯, g¯), the mean curvature vector Hg¯ and its norm
h(g¯) can be defined as in (5) and Lemma 1.3. Recall now that Ricg¯ = Ric
⋆
g¯ −S
g(ad(Hg)) and
that trSg(ad(Hg)) = ‖Hg¯‖
2
g¯ = 2h(g¯): see the proof of Lemma 3.5 in [BL18]. Notice moreover,
that G¯ is unimodular if and only if h(g¯) = 0.
2. Proof of Theorem D
In [Heb98] Heber obtained deep structure results for standard Einstein solvmanifolds. Build-
ing on that, Lauret extended these results to arbitrary Einstein solvmanifolds by showing that
they are all standard [Lau10]. The main result of this section is Theorem D, which generalizes
Lauret’s result to orbit-Einstein cohomogeneity-one manifolds: those satisfying the Einstein
condition Ricg(v, v) = c g(v, v) for all directions v tangent to the group orbits.
Let (G¯/H¯, g¯) be an effective homogeneous space with compact isotropy H¯ and canonical
reductive decomposition g¯ = h¯⊕m¯. Extend the Ad(H¯)-invariant scalar product g¯ on TeH¯G¯/H¯ ≃
m¯ to an Ad(H¯)-invariant scalar product g¯ on g¯ with g¯(m¯, h¯) = 0.
Definition 2.1. We call the homogeneous space (G¯/H¯, g¯) standard, if the g¯-orthogonal com-
plement of the nilradical n¯ —the maximal nilpotent ideal in g¯— is a Lie subalgebra of g¯.
Recall that Bg¯(n¯, g¯) = 0, thus n¯ ⊂ m¯ (see [BL18, Lemma 5.1]), and note that this definition
does not depend on the way the scalar product is extended. Geometrically, standardness
means that the submersion given by the isometric action of the nilradical N¯ ≤ G¯ (Lie(N¯) = n¯)
on (G¯/H¯, g¯) has integrable horizontal distribution.
Turning to the proof of Theorem D, recall that we denoted by H¯ = G¯γ(t) the isotropy at
the points γ(t) of a normal, unit-speed geodesic, see Section 1. Consider the endomorphism
β ∈ End(g¯) associated to the homogeneous space G¯/H¯ after fixing the background metric
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g¯ := g0, as explained in Appendix B. We may write the family (gt)t∈R of scalar products on m¯
induced by g as gt = qt · g¯, for some smooth curve (qt)t∈R in GL(m¯) with q0 = Idm¯, see (18).
By Lemma A.1 and the discussion around (22) we may even assume that
(qt)t∈R ⊂ Q
H¯
β (m¯) ,(6)
where QH¯β (m¯) := Qβ ∩ GL(m¯), see (21), and Qβ ⊂ GL(g¯) is the parabolic subgroup associated
to β, defined in Appendix B.
Definition 2.2. Let
lβ : R→ R ; t 7→ tr
(
Lt qt β
+q−1t
)
,
where β+ := ( 1‖β‖2β + Idg)|m ∈ End(m¯).
By Theorem B.2, the endomorphism 1‖β‖2β+ Idg of g¯ preserves m¯ and its kernel contains h¯.
Moreover, the image of the g¯-selfadjoint, positive-semidefinite endomorphism β+ is precisely n¯.
Thus tr β+ ≥ 0. Notice also that the shape operator Lt is symmetric with respect to gt, but
q−1t Ltqt is symmetric with respect to the background metric g¯.
Lemma 2.3. If Mn/G¯ = S1 then lβ is periodic.
Proof. Assuming that γ(T ) ∈ Σ0 = G¯/H¯ for T > 0, it is enough to show lβ(0) = lβ(T ). Let
f ∈ G¯ with f · γ(0) = γ(T ). Since f normalizes H¯, we have qT · g¯ = (Adm¯ f) · q0 · g¯ by
Lemma A.2, which implies q−1T · (Adm¯ f) ∈ O(m¯) using q0 = Idm¯. On the other hand, after
extending qT to all of g¯ (as in (19)), we have that qT ∈ Qβ by (6) and (21). This, together
with Ad f ∈ Aut(g¯) ⊂ Qβ , see Theorem B.2, gives B := q
−1
T · (Ad f) ∈ O(g¯) ∩ Qβ = Kβ. In
particular B commutes with β. Thus, setting A := (Ad f)|m we obtain by Corollary A.3
lβ(T ) = tr(LT qT β
+q−1T ) = tr(AL0A
−1qTβ
+q−1T ) = tr(L0B
−1β+B) = lβ(0) ,
concluding the proof. 
We turn now to an apriori estimate for h, which holds for arbitrary homogeneous spaces:
Lemma 2.4. For all t ∈ R we have − rict(Ht,Ht) · trβ
+ ≥ 4 h2(t).
Proof. By [AL17] we have
rict(Ht,Ht) = −‖St(adm¯Ht)‖
2
t .
Here, adm¯(Ht) = prm¯ ◦ ad(Ht)|m¯ ∈ End(m¯), prm¯ denotes the projection with respect to the
decomposition g¯ = h¯ ⊕ m¯, and for an endomorphism E ∈ End(m¯) we denote its gt-symmetric
part by St(E) =
1
2 (E+E
T ) and its gt-norm squared by ‖E‖
2
t = 〈E,E〉t := tr(EE
T ), transposes
taken with respect to the metric gt. By Cauchy-Schwarz inequality we have
‖St(adm¯(Ht))‖
2
t · ‖qtβ
+q−1t ‖
2
t ≥
〈
St(adm¯(Ht)), qtβ
+q−1t
〉2
t
.
Using that qtβ
+q−1t and St(adm¯(Ht)) are gt-symmetric, we may rewrite the latter as
− rict(Ht,Ht) · tr((β
+)2) ≥
(
tr(adm¯(Ht)qtβ
+q−1t )
)2
.
A short computation using that tr β = −1 shows now tr((β+)2) = tr β+. On the other hand,
Theorem B.2 yields ad(Ht) ∈ slβ , and since slβ is an ideal in qβ we have q
−1
t ad(Ht)qt ∈ slβ.
Since tr(Eβ · β) = 0 for all Eβ ∈ slβ this implies by the very definition of β
+ that
trm¯
(
q−1t adm¯(Ht)qtβ
+
)
= trg¯
(
q−1t ad(Ht)qtβ
+
)
= tr adm¯(Ht) = 2 h(t)
using (5) and [m¯, h¯] ⊂ m¯. This shows the claim. 
HOMOGENEOUS EINSTEIN METRICS ON EUCLIDEAN SPACES ARE EINSTEIN SOLVMANIFOLDS 7
Lemma 2.5 (Maximum principle). Let (Mn, g) be orbit-Einstein with Einstein constant −1
and suppose that Mn/G¯ = S1. Then, trβ+ ≥ 2 h(t) for all t ∈ R.
Proof. Since β+ ≥ 0 by Theorem B.2, h(t) ≡ 0 ≤ trβ+ if G¯ is unimodular: see Remark 1.4.
If G¯ is not unimodular, then h, trβ+ > 0. Since Mn/G¯ = S1, h is periodic, since it is defined
geometrically: see also Remark 1.4. Thus it attains a global maximum h(t0) > 0, t0 ∈ [0, T ].
We deduce from Lemma 1.3 and Lemma 2.4 that
0 ≥ 2 ‖Lt0Ht0‖
2
t0 − 2 h(t0)− rict0(Ht0 ,Ht0) ≥ 2 h(t0)
(
2h(t0)
trβ+ − 1
)
.
Hence, tr β+ ≥ 2 h(t0) ≥ 2 h(t) for all t ∈ R, as claimed. 
Lemma 2.6 (Lyapunov function). Let (Mn, g) be orbit-Einstein with Einstein constant −1
and suppose that Mn/G¯ = S1. Then
wβ : R→ R ; t 7→ lβ(t) · e
∫ t
0
trLsds
is non-decreasing. If wβ is constant, then β
+ ∈ Der(g¯) and [qt, β] = 0 for all t ∈ R.
Proof. Thanks to Proposition 1.2 and Definition 2.2 we have
l′β(t) = tr
(
L′t qt β
+q−1t
)
+ tr
(
Lt
[
q′tq
−1
t , qtβ
+q−1t
])
= tr
(
(Rict+Idm) qt β
+q−1t
)
+ tr
(
(q−1t Ltqt)
[
q−1t q
′
t, β
])
− (trLt) · lβ(t) .
Regarding the second term, first notice that for X,Y ∈ m¯ we have by Lemma 1.1
2gt(LtX,Y ) = g
′
t(X,Y ) = (qt · g¯)
′(X,Y ) = −gt
(
(q′tq
−1
t )X,Y
)
− gt
(
X, (q′tq
−1
t )Y
)
.
Thus, Lt + q
′
tq
−1
t ∈ so(m¯, gt) or equivalently q
−1
t (Lt + q
′
tq
−1
t )qt ∈ so(m¯, g¯) for all t ∈ R, since
gt = qt · g¯. Since q
−1
t Ltqt is g¯-symmetric for each t and q
−1
t q
′
t ∈ qβ = TeQβ by (6) and (21),
after extending these linear maps trivially to gl(g¯), we are in position to apply Lemma B.3 for
S = q−1t Ltqt and Q = q
−1
t q
′
t. This yields
(7) tr
(
(q−1t Ltqt)
[
q−1t q
′
t, β
])
≥ 0 ,
with equality if and only if [q−1t q
′
t, β] = 0.
Regarding the first term, notice that by Theorem B.2 we have
(8) tr(Rict qtβ
+q−1t ) ≥ −2 h(t),
with equality if and only if qt(
1
‖β‖2β + Idg)q
−1
t ∈ Der(g¯). Thus,
tr
(
(Rict+Idm) qt β
+q−1t
)
≥ −2 h(t) + tr β+ ≥ 0
by Lemma 2.5. We conclude that l′β(t) + lβ(t) trLt ≥ 0, showing the first claim.
Finally, suppose w′β ≡ 0 and set Ct := [qt, β] for all t ∈ R. Then from equality in (7) we
deduce C′t = Ct · (q
−1
t q
′
t) with C0 = 0, since q0 = Idm¯. This shows Ct ≡ 0. From the equality
condition in (8) we then obtain β+ ∈ Der(g¯). 
Proof of Theorem D. We have
∫ T
0 trLs ds = 0, since by assumption the G¯-orbits are integrally
minimal. As a consequence, by Lemma 2.3 and Lemma 2.6, the function wβ(t) is monotone
and periodic, therefore constant. The rigidity conditions in Lemma 2.6 imply that β+g¯ :=
1
‖β‖2β + Idg ∈ Der(g) and [qt, β] = 0 for all t ∈ R. Using that 0 = [qt, β] = [qt, β
+
g¯ ] and
n¯ = Imβ+ = Imβ+g¯ , we see that with respect to gt = qt · g¯, the gt-orthogonal complement
of n¯ in g¯ is a fixed subspace n¯⊥ of g¯, for all t ∈ R. Since β+g¯ is g0-symmetric (and in fact
also gt-symmetric for all t ∈ R), n¯
⊥ = kerβ+g¯ . But the kernel of a derivation is always a Lie
subalgebra, therefore all orbits are standard homogeneous spaces as claimed. 
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Remark 2.7. When writing gt( · , ·) = 2 g¯(Gt · , ·) for a G¯-invariant background metric g¯ on
G¯/H¯, integral minimality is equivalent to the periodicity of the volume V (t) = detGt because
trLt = V
′(t)/V (t). Periodicity of V is automatically satisfied if G¯ is unimodular, but a true
assumption if G¯ is not: one may declare any smooth curve γ : [0, T ] → Mn intersecting all
orbits transversally to a normal geodesic if γ′(T ) = (dLg¯) · γ
′(0), see [GWZ08].
3. Euclidean homogeneous spaces
The Euclidean space Rn can be presented as an effective homogeneous space G/H in many
different ways. Here and in what follows, G is a non-compact, connected Lie group and H ≤ G a
connected, compact subgroup. Recall that H is compact if and only if G is closed in Iso(G/H, g)
for some (and also any) G-invariant metric g: see [DM88, Thm.1.1]. For instance, Rn is itself
an abelian Lie group, and more generally a solvmanifold, that is Rn = G/{e} for any simply-
connected, solvable Lie group G of dimension n. Any non-compact irreducible symmetric space
has a presentation Rn = L/K with L simple and centerless, and K ≤ L maximal compact.
Another possibility is that G is the universal covering group of SL(2,R) and H = {e}, or a
product of any of the above examples.
The main aim of this section is to characterize certain effective presentations Rn = G/H,
where dimG has minimal dimension. Let g = l⋉ r be a Levi decomposition of Lie(G) = g, by
which we mean that l is a maximal semisimple Lie subalgebra and r the radical of g (maximal
solvable ideal). Let L,R ≤ G denote the connected Lie sugbroups of G with Lie(L) = l and
Lie(R) = r, and suppose that Lie(H) = h ⊂ l. Notice that for non-compact homogeneous
Einstein spaces, the structure results yield such a Levi decomposition, see Section 6.
Proposition 3.1. Let (Rn, g) be a homogeneous Euclidean space with effective presentation
R
n = G/H, G connected, H compact and dimG minimal. Assume in addition that there exists
a Levi decomposition g = l ⋉ r with h ⊂ l. Then, G ≃ L ⋉ R, H is semisimple, and L/H is an
R
r-bundle over a Hermitian symmetric space of non-compact type.
A Cartan decomposition l = k ⊕ p for the semisimple Lie algebra l is obtained by letting
k (resp. p) be the +1 (resp. −1) eigenspace of a Cartan involution σ : l → l, an involutive
automorphism of l such that −Bl(·, σ·) > 0, where Bl denotes the Killing form of l. The pair
(k, p) satisfies the bracket relations [k, k] ⊂ k, [k, p] ⊂ p, [p, p] ⊂ k. If l has no compact simple
ideals, we call (l, k) a symmetric pair of non-compact type. The subalgebra k will be called a
maximal compactly embedded subalgebra. Notice however, that the corresponding connected
Lie subgroup K ≤ L is compact if and only if Z(L) is finite [Hel01, Ch.6, Thm.1.1].
A special class of symmetric spaces are the Hermitian symmetric spaces, see [Hel01, Ch. VIII,
Thm.6.1] or [Bes87, 7.104]. Irreducible ones correspond to irreducible symmetric pairs (l, k)
with dim z(k) = 1. Writing k = z(k) ⊕ kss, we obtain a homogeneous space L/Kss, which is
an S1-bundle over the Hermitian symmetric space L/K = Rk (assuming L has finite center).
As a consequence, the universal covering space of L/Kss, still being a homogeneous space, is
diffeomorphic to Rk+1 and on Lie algebra level still presented by the pair (l, kss). As a smooth
manifold it is an R-bundle over L/K. Considering products of such R-bundles we obtain more
complicated presentations L/H = Rn, which on Lie algebra level can be described as follows:
l := l1 ⊕ · · · ⊕ lr , h := k
ss
1 ⊕ · · · ⊕ k
ss
r ⊕ z(h) , z(h) ⊂ z(k1 ⊕ · · · ⊕ kr)(9)
where (li, ki = z(ki) ⊕ k
ss
i ) is an irreducible Hermitian symmetric pair of non-compact type,
1 ≤ i ≤ r, and z(h) is a proper subalgebra of z(k1 ⊕ · · · ⊕ kr). Now h is semisimple if and only
if z(h) = 0, in which case the homogeneous space L/H corresponding to such pairs (l, h) will be
called an Rr-bundle over a non-compact Hermitian symmetric space.
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Remark 3.2. Irreducible Hermitian symmetric spaces L/K of non-compact type are given by
(sl(2,R),R), (su(p, q),R⊕ su(p)⊕ su(q)), p ≥ q ≥ 1, (p, q) 6= (1, 1), (2, 2), (so∗(2n),R⊕ su(n)),
n ≥ 5, (sp(n,R),R ⊕ su(n)), n ≥ 2, (e6,R ⊕ so(10)), (e7,R ⊕ e6) and (so(m, 2),R ⊕ so(m)),
m ≥ 3, called hyperquadrics: see [BB78][p.569].
We now describe the space ML/Kss of L-invariant metrics on L/Kss. We will show that for
any g ∈ML/Kss there exists a Cartan decomposition l = k⊕ p with k · o ⊥g p · o, o = eKss.
Let m = z(k)⊕ p be the canonicial complement of h = [k, k] in l, where k = z(k)⊕ kss. Except
for the first and the last cases above, p is Ad(Kss)-irreducible and non-trivial, see [BB78] and
[WZ86], and consequently dimML/Kss = 2 and k · o ⊥g p · o. In the first case, m = sl(2,R)
is a trivial Ad(Kss)-module, since Kss = {e}. It follows that dimML/Kss = 6. However, for
each g there exists a “Milnor basis” [Mil76] of sl(2,R) diagonalising both the metric and the
bracket at the same time. Consequently, for any of the three k = so(2) adapted to this basis
we have k · o ⊥g p · o. Finally, for the hyperquadrics, the isotypical summand p is the sum of
two Ad(Kss)-irreducible, equivalent, non-trivial representations of real type: see [BB78] and
[WZ86]. Thus dimML/Kss = 4 and again we have k · o ⊥g p · o.
The proof of Proposition 3.1 will be clear after the following series of lemmas.
Lemma 3.3. Under the assumptions of Proposition 3.1, we have that H ≤ L and G ≃ L⋉ R.
Proof. The universal cover G˜ of G acts transitively and almost-effectively on (Rn, g), with
connected isotropy H˜ at 0, since Rn is simply-connected. Thus, if L˜, R˜ ≤ G˜ denote the connected
Lie subgroups with Lie algebras l, r, respectively, then h ⊂ l implies H˜ ≤ L˜. Moreover, since G˜ is
simply-connected, G˜ ≃ L˜⋉ R˜ [Var84, 3.18.13]. We have G = G˜/ ker τ , where τ : G˜→ Iso(Rn, g)
is the morphism defining the action. Clearly ker τ ≤ H˜, thus G ≃ L ⋉ R, where R ≃ R˜ is
simply-connected and L ≃ L˜/ ker τ . 
Lemma 3.4. Under the assumptions of Proposition 3.1, there exists a Cartan decomposition
l = k ⊕ p such that h ⊂ k. Moreover, k = [k, k] ⊕ z(k) is an abelian extension of h, that is,
kss := [k, k] ⊂ h, and (l, k) is a symmetric pair of non-compact type.
Proof. Since L is semisimple, Ad : L→ GL(l) has discrete kernel and Lie(Ad(L)) = l. Moreover,
the compact subgroup Ad(H) is contained in a maximal compact subgroup K of the centerless
semisimple Lie group Ad(L). By [Hel01, Ch.6, Thm.1.1], k := Lie(K) is the fixed point set of a
Cartan involution. The corresponding Cartan decomposition l = k⊕ p satisfies h ⊂ k.
We now show that [k, k] ⊂ h. Let K,Kss := [K,K] be the connected Lie subgroups of G with
Lie algebras k, kss, respectively. It is well-known that G/H = R
n if and only if H is a maximal
compact subgroup of G, see for instance [LL14, Prop.3.1]. The group Kss is semisimple and has
a compactly embedded Lie algebra kss ⊂ k, therefore it is compact. By uniqueness of maximal
compact subgroups, there exists x ∈ G such that xKssx
−1 ⊂ H. At Lie algebra level this implies
that Ad(x)(kss) ⊂ h ⊂ k. But the Lie algebra k = kss ⊕ z(k) has a unique maximal semisimple
ideal, therefore we must have kss = Ad(x)(kss) and kss ⊂ h as claimed.
To prove the last claim let lc (resp. lnc) be the sum of all simple ideales of l of compact
(resp. non compact) type, and let Lc, Lnc ≤ L be the corresponding connected Lie subgroups.
The ideal lc is the unique maximal semisimple ideal of compact type in l. Arguing as above,
since Lc is compact, there exists x ∈ G such that xLcx
−1 ≤ H, thus Ad(x)(lc) ⊂ h ⊂ l. Then
lc = Ad(x)(lc) by uniqueness, and lc ⊂ h. It then follows easily that the connected subgroup
of G with Lie algebra lnc ⋉ r is closed in G by Lemmas 3.3 and A.4, and acts transitively on
G/H. This contradicts minimality of dimG, unless lc = 0, and the conclusion follows. 
In order to prove the last part of Proposition 3.1 let us introduce the following class of
subgroups of G, which will be very important in the sequel.
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Definition 3.5. Let G/H be a homogeneous space. Fix a Levi decomposition g = l ⋉ r with
h ⊂ l = l1⊕ · · · ⊕ lr, written as a sum of simple ideals, and consider an Iwasawa decomposition
l1 = k1 ⊕ a1 ⊕ n1. The connected Lie subgroup G¯ ≤ G with Lie algebra g¯ := ((a1 ⊕ n1) ⊕ l2 ⊕
· · · ⊕ lr)⋉ r is called an Iwasawa subgroup associated to (l1, k1).
Lemma 3.6. For a Lie group G ≃ L⋉ R with a gobal Levi decomposition, Iwasawa subgroups
are closed.
Proof. By the assumption, it is enough to show that the connected Lie subgroup L¯ of L with
Lie algebra l¯ := (a1 ⊕ n1) ⊕ l2 ⊕ · · · ⊕ lr is closed in L. Let Li ≤ L denote the connected Lie
subgroup with Lie algebra li. Since the Iwasawa decomposition holds at the group level, we
have L1 = K1A1N1 diffeomorphic to K1 × A1 × N1. In particular, A1N1 is closed in L1. Recall
that for a connected semisimple Lie group, Li is closed in L for all i = 1, . . . , r, by Lemma A.4.
Then the lemma follows from the fact that L¯ = A1N1L2 · · ·Lr. 
Lemma 3.7. Under the assumptions of Proposition 3.1, if l = k⊕ p is a Cartan decomposition
with h ⊂ k, then h = kss.
Proof. Thanks to Lemma 3.4, we only need to prove that z(h) = 0. Assume on the contrary
that z(h) projects nontrivially onto z(k1). This means that there exists Z ∈ z(h) such that
(10) Z = Z1 + Z2, Z1 ∈ z(k1) \ {0}, Z2 ∈ z(k2 ⊕ · · · ⊕ kr)
in the notation of (9). Let G¯ ≤ G be an Iwasawa subgroup associated to (l1, k1). We claim that
g = h+ g¯, which would follow from k1 = k
ss
1 ⊕ z(k1) ⊂ h+ g¯. By Lemma 3.4 it suffices to show
that z(k1) ⊂ h+ g¯, which follows from (10), since dim(z(k1)) = 1.
Now G¯ acts transitively on G/H by the above claim, effectively because G acts effectively,
and with compact isotropy, since this is equivalent to G¯ being closed in the isometry group of g,
which holds thanks to Lemma 3.6 and the fact that G is closed in Iso(Rn, g). But dim G¯ < dimG,
and this contradicts the minimality of dimG. 
4. Periodicity
In this section we show that after passing to a quotient we may assume that Iwasawa
subgroups act on Rn = G/H with cohomogeneity one and orbit space S1. The most basic
example for periodicity is given by the universal cover G˜ ≃ R3 of G = SL(2,R). Since SL(2,R) =
Γ\G˜ for some discrete subgroup Γ ≤ Z(G˜), for any left-invariant metric g˜ on G˜ there is a left-
invariant metric g on SL(2,R) locally isometric g˜. Now from any Iwasawa decomposition
SL(2,R) = KAN one gets a solvable subgroup G¯ = AN ≤ SL(2,R) acting on (M3 = SL(2,R), g)
with cohomogeneity one and orbit space K ≃ SO(2) ≃ S1.
Proposition 4.1 (Perodicity). Let (Rn = G/H, g) be an effective presentation, H compact
and dimG minimal, and let g = l ⋉ r be a Levi decomposition with h ⊂ l. Then, there exist
a discrete, central subgroup Γ ≤ G for which (Mn = GΓ/HΓ, gΓ) := (G/H, g)/Γ, GΓ = G/Γ,
HΓ = H/(H ∩ Γ), is a homogeneous space locally isometric to (R
n, g) such that any Iwasawa
subgroup G¯ ≤ GΓ acts on M
n with cohomogeneity one, embedded orbits and orbit space S1.
Proof. By Proposition 3.1 we have a global Levi decomposition G ≃ L⋉R. Let Γ := Z(G)∩ L,
a central subgroup of G and L, hence discrete by semisimplicity. It is not hard to see that the
group GΓ := G/Γ acts transitively on the double coset Γ\G/H, with isotropy HΓ := H/(H∩ Γ).
Since Γ ≤ L we clearly also have a global Levi decomposition GΓ ≃ LΓ ⋉ R, LΓ := L/Γ. Since
GΓ and HΓ are connected with Lie(GΓ) = g and Lie(HΓ) = h, the space of homogeneous
metrics on G/H andMn = GΓ/HΓ agrees. Moreover, Iwasawa subgroups G¯Γ ≤ GΓ will act with
cohomogeneity one on Mn, and by Lemma 3.6 they are closed in GΓ.
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It remains to be shown that the orbit space is S1. To that end, if G¯Γ ≤ GΓ is an Iwasawa
subgroup associated to (l1, k1), let K1 ≤ L1 ≤ LΓ be the corresponding connected Lie subgroups
with Lie algebras k1 ⊂ l1, respectively. By Proposition 3.1 (see also (9)) we have k1 = k
ss
1 ⊕z(k1)
with dim z(k1) = 1. Consider now the action of the connected Lie group Z(K1) ⊂ NGΓ(HΓ)
on Mn by right-multiplication. Since this action commutes with the action of G¯Γ by left-
multiplication, the direct product G¯Γ × Z(K1) acts transivtiely on M
n. Thus, Z(K1) acts
transitively on the orbit space Mn/G¯Γ. Finally notice, that the group Γ is the kernel of the
adjoint representation Ad(G) : G→ Aut(G) restricted to L. Since Ad : LΓ → End(g) is a faithful
representation, by [HN11, Prop. 16.1.7] the group LΓ is linearly real reductive, implying finite
center. By the same reason the center of L1 ≤ LΓ is also finite, thus K1 is compact by [Hel01,
Ch.6, Thm.1.1] and therefore Z(K1) ≃ S
1. 
5. Integral minimality
Let (Rn = G/H, g) satisfy the assumptions of Proposition 4.1 and consider its quotient space
(Mn = GΓ/HΓ, gΓ) given by that result. The proof of Proposition 4.1 yields also a global Levi
decomposition GΓ = L⋉R with HΓ ≤ L. From now on we also assume that at o := eH we have
(11) L · o ⊥g R · o .
To ease notation, in what follows we will drop the subscripts Γ and write simply G/H.
Definition 5.1. A homogeneous space (G/H, g) as above satisfying (11) and the conclusion of
Proposition 4.1 is said to have a Levi presentation.
The main result in this section is the following
Theorem 5.2 (Integral minimality). Let (G/H, g) have a Levi presentation and choose a simple
factor l1 ⊂ l and a maximal compactly embedded subalgebra k1 ⊂ l1. Then, there exists an
Iwasawa subgroup G¯ ≤ G associated to (l1, k1) which acts on G/H with cohomogeneity one,
embedded orbits and orbit space S1. Moreover,
(12)
∫
S1
trLt dt = 0 ,
where trLt denotes the mean curvature of the G¯-orbits. If l1 ≃ sl(2,R), then the orbits of any
Iwasawa subgroup associated to (l1, k1) are in addition minimal hypersurfaces.
In the case of hyperquadrics (l1 ≃ so(m, 2), see Remark 3.2) it can be shown that the
G¯-orbits are not minimal hypersurfaces for a generic invariant metric g.
The idea is to reduce the proof to the case G simple. To that end, fix a simple factor l1 ⊂ l
and set l≥2 := l2 ⊕ · · · ⊕ lr, so that l = l1 ⊕ l≥2 and g2 := l≥2 ⋉ r ⊂ g is an ideal. Denote
respectively by L≥2,G2 ≤ G the connected Lie subgroups with Lie algebras l≥2, g2. Since
G ≃ L ⋉ R, we have that G2 ≃ L≥2 ⋉ R, with L≥2 closed in L by Lemma A.4. Thus, G2 is a
closed normal subgroup of G. Consider the isometric action of G2 on G/H by left-multiplication.
The closed subgroup G2 acts properly on G/H, and being normal in G, all isotropy subgroups
for this action are conjugate. Thus, the orbit space G2\G/H is a smooth manifold. It admits a
transitive action by G2\G =: L1 with compact isotropy H1 ≃ H/H ∩ G2: see [BB78, Prop. 5].
Let g¯ be the unique L1-invariant metric on L1/H1 such that we have a Riemannian submersion
(13) pi : (G/H, g) → (L1/H1, g¯).
Lemma 5.3. The fibres of pi are pairwise isometric, minimal submanifolds of (G/H, g).
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Proof. Notice that for any x ∈ G we have
G2 · (xH) = x · (x
−1G2x) · o = x · (G2 · o) .
Thus any two G2-orbits are isometric via an ambient isometry. By Lemma 3.7 h = h1 ⊕ h2
is a sum of ideals, with h2 ⊂ g2. Then the isotropy subalgebra of the homogeneous space
G2 · o ≃ G2/(H ∩ G2) is h ∩ g2 = h2. Denote by l1 = h1 ⊕ m1, g2 = h2 ⊕ m2 the corresponding
canonical reductive decompositions. Let {Ui} be Killing fields in m2 ⊂ g2 and let {Nj} span
the normal bundle of G2 · o close to o, such that {Ui} ∪ {Nj} at o form an orthornormal basis
of ToG/H. Then, the mean curvature vector of G2 · o at o is given by∑
i,j
g(∇UiNj , Ui)oNj = −
∑
i,j
g(Nj,∇UiUi)oNj.
Since the last expresion is tensorial in Nj , by homogeneity we may replace the Nj by Killing
fields Xj ∈ g with Xj(o) = Nj(o). By (11) and r ⊂ g2 we have that Xj ∈ l. Moreover by
adding elements in the isotropy h ⊂ l we may assume that Xj ∈ (m1 ⊕ m2) ∩ l. For each j,
formula [Bes87, (7.27)] for the Levi-Civita connection of Killing fields then yields
−
∑
i
g(Xj,∇UiUi) =
∑
i
g([Xj , Ui], Ui) +
∑
k
g([Xj, Zk], Zk) = tr(adXj)|g2 .
Here, we have extended g from m = m1 ⊕m2 to all of g by making h ⊥ m, and we denoted by
{Zk}k an orthonormal basis of h2 ⊂ g2. Then, the second equality is justified by the fact that
[Xj, h2] ⊂ m2 ⊥g h2 using that [m1, h2] = 0.
Observe now that since g2 is an ideal, the map l ∋ X 7→ (adX)|g2 is a Lie algebra repre-
sentation. Using that l is semisimple we may write Xj = [Yj , Zj], which implies tr(adXj)|g2 =
tr[(adYj)|g2 , (adZj)|g2 ] = 0 and the proof is finished. 
Let L¯1 ≤ L1 be the image of an Iwasawa subgroup G¯ of G under the quotient pi2 : G→ G2\G.
Lemma 5.4. The group L¯1 acts on (L1/H1, g¯) with cohomogeneity one, embedded orbits and
orbit space S1.
Proof. We know by Proposition 4.1 that the action of G¯ on G/H has those properties. Therefore,
to prove the lemma it suffices to show that pi gives a bijection between G¯-orbits in G/H and L¯1
orbits in L1/H1. To see this, consider the commutative diagram
G G2\G = L1
G/H G2\G/H = L1/H1
π2
πH π1
π
The map pi2 is a Lie group morphism, and pi1 is L1-equivariant (L1 = G2\G). From this one
easily deduces that pi maps G¯-orbits onto L¯1-orbits: pi(G¯ · p) = L¯1 · pi(p). Now assume that
for some p, q ∈ G/H, pi(p) and pi(q) belong to the same L¯1-orbit, say pi(p) = l¯1 · pi(q) for some
l¯1 = pi2(x¯) ∈ L¯1, x¯ ∈ G¯, and let us show that G¯ · p = G¯ · q. Write p = xH, q = yH, x, y ∈ G. By
the commutative diagram and L1-equivariance of pi1 we have
pi(xH) = l¯1 · pi(yH) = pi2(x¯) · pi1(pi2(y)) = pi1(pi2(x¯y)) = pi(x¯yH).
This implies that p and x¯ · q belong to the same G2-orbit. Since G2 ≤ G¯ and x¯ ∈ G¯, it follows
that G¯ · p = G¯ · q. 
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If N is a unit normal field to the G¯-orbits in G/H, then N is basic for the Riemannian
submersion pi and the corresponding vector field N¯ on L1/H1 is a unit normal field to the
L¯1-orbits. Also, a normal geodesic γ(t) to the G¯-orbits, γ(0) = eH, is horizontal for pi, thus
γ¯(t) = pi ◦ γ(t) is a normal geodesic to the L¯1-orbits. The next lemma finally reduces the proof
of Theorem 5.2 to the case where G is simple:
Lemma 5.5. The mean curvatures of G¯ · γ(t) and L¯1 · γ¯(t) coincide for all t ∈ R.
Proof. An orthonormal basis for Tγ(t)
(
G¯ · γ(t)
)
might be chosen by evaluating the vector fields
{Xi}∪{Uj} at γ(t), with Xi basic for pi (horizontal and projectable) and Uj ∈ g2 Killing fields.
The mean curvature of G¯ · γ(t) at γ(t) is thus given by∑
i
g(∇XiN,Xi)γ(t) +
∑
j
g(∇UjN,Uj)γ(t).
The second sum vanishes thanks to Lemma 5.3. Regarding the first one, notice that being
basic, the Xi are pi-related to vector fields X¯i in L1/H1, which span the tangent space to
L¯1 · γ¯(t) at γ¯(t). Hence,
∑
i g(∇XiN,Xi)γ(t) =
∑
i g¯(∇¯X¯iN¯ , X¯i)γ¯(t) by a well-known property
of Riemannian submersions, which is by definition the mean curvature of L¯1 · γ¯(t) at γ¯(t). 
Before finishing the proof of Theorem 5.2, we briefly recall the definition of an Iwasawa
decomposition: see [Kna02] or [Hel01]. Let l be the Lie algebra of a simple Lie group L and
consider a Cartan decomposition l = k ⊕ p. Let θ ∈ Aut(g) be the corresponding Cartan
involution with θ|k = Idk, θ|p = −Idp and Bθ(X,Y ) := −B(X, θY ) a positive definite inner
product on l, where B = Bl denotes the Killing form of l. Choose a maximal abelian subalgebra
a ⊂ p, and consider the corresponding root space decomposition
l = l0 ⊕
⊕
λ∈Λ
lλ , lλ = {X ∈ l : [H,X ] = λ(H) ·X, ∀H ∈ a}
λ ∈ a∗ and Λ ⊂ a∗ being the set of those nonzero λ’s for which lλ 6= 0. Recall that for λ ∈ Λ
we have θlλ = l−λ, from which Λ = −Λ follows. Choose a notion of positivity in a
∗, so that the
set of positive elements a∗+ is invariant under addition, multiplication by positive scalars, and
a∗ \ {0} = a∗+∪˙ − a
∗
+. Set Λ
+ := Λ ∩ a∗+, and consider the nilpotent subalgebra
n :=
⊕
λ∈Λ+
lλ.
The subalgebra l¯ := a⊕ n is solvable, and the corresponding connected Lie subgroup L¯ acts on
the homogeneous space L/H with cohomogeneity one and with all orbits principal. Here we are
using that L/K is an irreducible non-compact Hermitian symmetric space, thus H = [K,K]. For
each λ ∈ Λ+ we decompose lλ⊕l−λ = kλ⊕pλ, kλ ⊂ k and pλ ⊂ p, where kλ = {X+θX : X ∈ lλ}
and pλ = {X − θX : X ∈ lλ}. Set
p+ :=
⊕
λ∈Λ+
pλ,
so that p = a⊕ p+ is a B-orthogonal decomposition. Finally, notice that
(14) k⊕ n = k⊕ p+.
Proof of Theorem 5.2. By Lemmas 5.4 and 5.5, we may assume that G/H = L/H with L = L1
simple and with finite center. Let L = KAN be an Iwasawa decomposition and L¯ = AN ≤ L
be the corresponding Iwasawa subgroup. Notice also, that the mean curvature of L¯-orbits is a
function on the orbit space S1.
Firstly, we assume that l 6≃ so(2,m), m ≥ 3. We will show in this case, that all L¯-orbits are
minimal hypersurfaces. To that end, let p = xH ∈ L/H. Using that x ∈ L = L¯Z(K)H, we may
14 CHRISTOPH BO¨HM AND RAMIRO A. LAFUENTE
assume without loss of generality that p = kH with k ∈ Z(K). Then at p the isotropy subgroup
is also H, and a reductive decomposition is given by l = h⊕m, m = z(k) ⊕ p ≃ TpL/H.
Moreover, if in addition l 6≃ sl(2,R) then z(k) and p are the two inequivalent irreducible
summands for the isotropy representation: see Remark 3.2. In particular, the metric g restricted
to p is a multiple of the Killing form. Notice also that for any Z ∈ z(k) the linear map adZ
preserves p, and (adZ)|p is skew-symmetric with respect to g.
The mean curvature of L¯ · p at p is given by trLp =
∑n−1
i=1 g(∇XiXi, N)p, where N denotes
the unit normal to L¯ ·p and {Xi}
n−1
i=1 is a gp-orthonormal basis for l¯. The subspace z(k)⊕p
+ ⊂ m
is the g-orthogonal complement of a in m. By (14) we have (z(k)⊕n) ·p = (z(k)⊕p+) ·p ⊂ TpM .
Since N(p) ∈ (¯l · p)⊥ ⊂ (a · p)⊥ = (z(k)⊕ p+) · p, we may choose Killing fields Z ∈ z(k), Xn ∈ n,
such that (Z+Xn)(p) = N(p). Using the formula [Bes87][(7.27)] for the Levi-Civita connection
on Killing fields, we compute:
− trLp =
n−1∑
i=1
g([Z,Xi], Xi)p +
n−1∑
i=1
g([Xn, Xi], Xi)p .(15)
The first term vanishes. Indeed, write Xi = Zi + Pi where Zi ∈ k, Pi ∈ p. Then [Z,Xi] =
[Z, Pi] ∈ p, and using that p ⊥ z(k), each summand equals 〈[Z, Pi], Pi〉, which vanishes because
(adZ)|p is skew-symmetric. The second term equals tr(adl¯Xn), and this vanishes because
ad¯lXn is a nilpotent endomorphism.
If on the other hand we had l ≃ sl(2,R) then h = 0. Choose a Killing field X⊥ ∈ sl(2,R) so
that X⊥(p) = N(p) and notice that since sl(2,R) is unimodular,
− trLp = −
2∑
i=1
g(∇XiXi, X
⊥)p =
2∑
i=1
g([X⊥, Xi], Xi)p = tr adlX
⊥ = 0.
Finally, let us deal with the most complicated case l ≃ so(2,m), m ≥ 3. To see that we may
assume that L is centerless, denote by Z ≤ L its center, a finite normal subgroup contained
in K by [HN11][Prop. 16.1.7]. Since Z normalizes L¯, its action on L/H by left-multiplication
sends L¯-orbits to L¯-orbits. Thus, the mean curvature trLt considered as a function on the orbit
space K/H ≃ S1 is invariant under the action of Z on said space. If we would know that on
Z\K/H ≃ S1/Z ≃ S1 the mean curvature has mean zero, the same would follow for the mean
curvature function on K/H. Then we may work with Z\L instead.
We claim that in order to prove (12) it is enough to find an isometric involution f : L/H→
L/H fixing o with dfoN = −N , which sends L¯-orbits to L¯-orbits. Indeed, in the notation of
Section 1, such an isometry must preserve Σ0 = L¯ · o, o = eH = γ(0), thus f(γ(t)) = γ(−t),
f(Σt) = Σ−t and dfγ(t)Nt = −N−t. Since f is an isometry of L/H, the mean curvatures of Σt
and Σ−t with respect to Nt and −N−t respectively, coincide. Since trLs is the mean curvature
with respect to Ns, trLs is an odd function on S
1 and (12) holds.
Let L be the connected, centerless simple Lie group with Lie algebra so(2,m). Another
group with two connected components and the same Lie algebra is given by
SO(2,m) := {A ∈ GL(2 +m,R) : 〈Av,Aw〉2,m = 〈v, w〉2,m, ∀v, w ∈ R
2+m, detA = 1}
where 〈x, x〉2,m = x
2
1 + x
2
2 − x
2
3 − · · · − x
2
m. Thus
so(2,m) =
{(
A B
Bt C
)
∈ gl2+m(R), A ∈ so(2), C ∈ so(m), B ∈ R
2×m
}
Fix the maximal compact subgroup Kˆ = S(O(2)O(m)) ≤ SO(2,m) containing the center Z of
SO(2,m) by [HN11][Prop. 16.1.7]. Since L = SO(2,m)/Z, K := Kˆ/Z is a maximal compact
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subgroup of L with Cartan decomposition l = k ⊕ p. In the above matrix representation, k is
characterized by B = 0 and p by A = C = 0.
Let us now choose a maximal abelian subalgebra a of p as follows:
a :=
{(
0 B
Bt 0
)
∈ p : B =
(
a1 0 · · · 0
0 a2 · · · 0
)
, ai ∈ R
}
.
Let l = ⊕λ∈Λ lλ be the root space decomposition according to a, and set n = ⊕λ∈Λ+ lλ, for
some choice of positive roots Λ+ ⊂ Λ. Then, the Iwasawa decomposition [Hel01][Ch. IX,
Thm. 1.3] asserts a global decomposition L = KAN, that is L and K×A×N are diffeomorphic,
where A,N denote the connected subgroups of L with Lie algebras a, n, respectively. We set
L¯ := AN ≤ L, a closed, solvable subgroup acting on L/H with cohomogeneity one and with
orbits space SO(2) ≃ S1. Notice that H = [K,K] with h ≃ so(m).
The isotropy representation of L/H has a one-dimensional trivial factor z(k) = so(2), and p is
a sum of two irreducible and equivalent Ad(H)-modules of real type, since m ≥ 3. Thus, given
g, after rotating the first two coordinates in R2×m we may assume without loss of generality
that the two rows of B in the matrix representation are g-orthogonal.
Consider now the diagonal element of x = SO(2,m) whose non-zero entries are given by x =
diag(−1, 1,−1, 1, IdRm−2) (and notice that x 6∈ SO(2,m)0). Since conjugating by x preserves
Z, it induces an automorphism fˆ of L of order two. Also, x normalizes Kˆ, hence fˆ(K) ⊂ K and
therefore fˆ(H) = H. In this way, fˆ induces a diffeomorphism f of L/H with f ◦ f = idL/H fixing
o := eH, via f(lH) := fˆ(l)H.
The Lie algebra automorphism ϕ := dfˆ |e : l→ l, which one can identify also with conjugation
by x in the matrix representation of so(2,m), fixes the subalgebra a, and therefore preserves
the root spaces and in particular n. Hence fˆ(L¯) = L¯ and f(L¯ ·p) = L¯ ·f(p) for all p ∈ L/H. Next,
notice that for all l ∈ L we have Ll ◦f = f ◦Lf−1(l), Ll(l˜H) = ll˜H. Since (df)o : (m, g)→ (m, g),
m = z(k) ⊕ p, is an isometry, we see that f∗g = g.
If remains to show that f reverses the orientation of the normal geodesic. To that end notice
that the SO(2)-orbit through o (also a geodesic) is also preserved by f , since fˆ(SO(2)) = SO(2).
But on Lie algebra level the action of dfˆ |e on so(2) is simply −Idso(2). Thus the orientation of
this curve transversal to the S-orbits is reversed. Clearly the same must hold for the normal
geodesic, and this completes the proof. 
6. Proof of Theorem A
Let (Rn, g) be a homogeneous Einstein space with Einstein constant −1. Given any effective
presentation G′/H′ = Rn, by [LL14, Thm. 4.6] and [JP17, Thm. 0.2] one can find an ‘improved’
effective presentation G/H with dimG ≤ dimG′ satisfying h ⊂ l, for some Levi decomposition
g = l ⋉ r. Indeed, notice that dim a ≤ dim z(u) in the notation of [JP17, §3.2], thus the
dimension of the modified transitive group constructed in [JP17, Prop.3.14] cannot be larger.
In addition with respect to this presentation the metric satisfies (11) by [AL17, Thm. 2.4].
The above argument ensures that we may take dimG to be minimal among all transitive
groups, and still ensure that (11) is satisfied. By doing so, we can apply Proposition 4.1 and
after quotienting by a discrete group of isometries we obtain another Einstein homogeneous
space with Einstein constant −1, which for simplicity we denote by (G/H, g), on which all
Iwasawa subgroups G¯ ≤ G act with cohomogeneity one, embedded orbits and orbit space S1.
In short, (G/H, g) has a Levi presentation (see Definition 5.1).
We turn to the main geometric result in this section: based on Theorem D, we show that
the simple factors are pairwise orthogonal.
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Proposition 6.1. Suppose that (G/H, g) has a Levi presentation and ricg = −g. Then, any
two simple factors li, lj ⊂ l, i 6= j, satisfy li · o ⊥g lj · o, o = eH.
Proof. Let i = 1 and l≥2 be the unique complementary ideal of l1 in l, so that l = l1 ⊕ l≥2. By
Proposition 3.1, the isotropy subalgebra decomposes as a direct sum of ideals h = h1⊕h≥2 with
(l1, h1) the infinitesimal data of an R-bundle over an irreducible Hermitian symmetric space
L1/K1 of non-compact type, h1 = k
ss
1 and h≥2 ⊂ l≥2. By Lemma 3.4 there exists a maximal
compactly embedded subalgebra of k1 ⊂ l1 containing h1 with h1 = [k1, k1].
Let G¯ ≤ G be an Iwasawa subgroup corresponding to (l1, k1) as given by Theorem 5.2. Since
these G¯-orbits are integrally minimal, by Theorem D they are standard homogeneous spaces.
In order to exploit this property, let l1 = k1 ⊕ a1 ⊕ n1 be the Iwasawa decomposition for which
s1 := a1 ⊕ n1 ⊂ g¯, and let n denote the nilradical of g. Then n¯ := n1 ⋉ n is the nilradical of g¯.
Set u¯ := n¯⊥ ⊂ g¯, u := n⊥ ⊂ g, a := n⊥ ⊂ r, and recall that in order to define these orthogonal
complements we extend the metric g to all of g as in Definition 2.1. Thus,
g =
( l1︷ ︸︸ ︷
h1 ⊕ z(k1)⊕ a1 ⊕ n1 ⊕ l≥2
)
⋉ (
r︷ ︸︸ ︷
a⊕ n)︸ ︷︷ ︸
g¯
, g¯ = l≥2 ⋉
(
a1 ⊕ a⊕
n¯︷ ︸︸ ︷
n1 ⊕ n
)
,
where ⊕ denotes vector spaces direct sum. We now claim that
n1 · o ⊥ l≥2 · o .(16)
To see that, notice that the subspaces u, u¯ satisfy u¯ ⊂ u∩g¯ = s1⊕l≥2⊕a, the last equality thanks
to (11). Also, since (G/H, g) is Einstein, it is also standard by [LL14]. Thus, the orthogonal
complements u and u¯ are both Lie subalgebras of g. Since u¯ ≃ g¯/n¯ is reductive (that is, the
direct sum of a semisimple ideal and the center), [u¯, u¯] is semisimple and isomorphic to a Levi
factor l≥2 of g¯ (see [Var84, 3.16.3–4]). Moreover, [u¯, u¯] ⊂ [s1, s1]⊕ l≥2 using that [g, r] ⊂ n: see
[Var84, 3.8.3]. Since [s1, s1] ⊕ l≥2 is a Lie algebra direct sum of a solvable and a semisimple
ideal, it has exactly one semisimple subalgebra isomorphic to l≥2. Hence [u¯, u¯] = l≥2 and in
particular, n1 ⊂ n¯ ⊥ u¯ ⊃ l≥2, which shows (16).
We consider now two different cases. Assume first that h1 6= 0, that is, l1 6≃ sl(2,R). Then,
the reductive complement p1 of the symmetric pair (l1, k1) is an Ad(H)-isotypical summand in
L/H: see Remark 3.2. Thus, p1 · o ⊥ l≥2 · o. On the other hand, n1 · o ⊥ l≥2 · o by (16). If we
would know that n1 · o 6⊂ p1 · o, then from the fact that p1 · o is of codimension one inside l1 · o,
we could conclude that l1 · o ⊥ l≥2 · o and the proof would follow in this case. Suppose on the
contrary that n1 · o ⊂ p1 · o, which is equivalent to n1⊕ h1 ⊂ p1⊕ h1. Since a1 ⊂ p1, this yields
s1 ⊕ h1 ⊂ p1 ⊕ h1 and by counting dimensions one gets s1 ⊕ h1 = p1 ⊕ h1. Using this several
times we observe that
[p1, p1] ⊂ [h1 ⊕ s1, h1 ⊕ s1] ⊂ h1 + [s1, s1] + [h1, s1] ⊂ h1 + s1 + [h1, h1 ⊕ p1] ⊂ h1 ⊕ p1,
contradicting the fact that [p1, p1] = k1 (see [HN11, Prop. 13.1.10]).
Finally suppose that l1 ≃ sl(2,R). Again we have n1 · o ⊥ l≥2 · o by (16). We may apply this
argument to different Iwasawa groups G¯ defined by considering other Iwasawa decompositions
for sl(2,R), which can be obtained by conjugating with elements in SO(2). By doing so with
three different decompositions whose nilradicals are linearly independent, we conclude that
l1 · o ⊥ l≥2 · o, and this finishes the proof. 
Recall the following result, which is a particular case of the main theorem in [Nik00]:
Theorem 6.2. [Nik00] Let (L/H, g) be a homogeneous space with L semisimple and H compact,
and consider a Cartan decomposition l = k⊕p with h ⊂ k and a reductive complement ToL/H ≃
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m = q ⊕ p with h ⊕ q = k. Assume that g is awesome, that is, k · o ⊥g p · o for o = eH. If
in addition Ricg |p×p = c · g|p×p for some c ∈ R, then either h = k, or there exists Z ∈ k with
Ricg(Z,Z) > 0.
Using this, we are now in a position to prove the following result, which implies Theorem A:
Theorem 6.3. If (G/H, g) has a Levi presentation and ricg = −g, then G is solvable.
Proof. By Proposition 6.1 and Remark 3.2, the induced metric on L/H is awesome. In the
semisimple case G = L, awesomeness implies the non-existence of Einstein metrics by Theorem
6.2. To deal with the general case we assume that l 6= 0 and use the structure results [AL17,
Theorems 2.1 & 2.4] for non-compact homogeneous Einstein spaces. These results yield that
at o := eH, the induced homogeneous metric gL/H on L · o ≃ L/H has
RicgL/H = −gL/H + Cθ, Cθ(X,Y ) =
1
4 tr
(
θ(X) + θ(X)t
)(
θ(Y ) + θ(Y )t
)
,
where θ : l → End(r) is the restriction of the adjoint representation: θ(X) = (adX)|r, and as
usual ToL/H ≃ m for some reductive decomposition l = h⊕m. Now let L1 ≤ L be the connected
Lie subgroup with Lie algebra l1, one of the simple ideals in l, and set H1 := L1∩H. It follows by
Proposition 6.1 that (L/H, gL/H) is, at least locally, a Riemannian product of the homogeneous
spaces given by the orbits of each of the simple factors. Thus, the induced homogeneous metric
g1 on L1 · o ≃ L1/H1 has Ricci curvature also given by
(17) Ricg1 = −g1 + Cθ1 , θ1 := θ|l1 : l1 → End(r).
By a result of Lauret (Proposition A.1 in the Appendix to [AL15]), awesomeness implies
θ(X)t = −θ(X) for all X ∈ k and θ(X)t = θ(X) for all X ∈ p, where l = k ⊕ p is the
Cartan decomposition with k · o ⊥ p · o. In particular Cθ|k×k = Cθ|k×p = 0 and
Cθ(X,Y ) = tr
(
θ(X)θ(Y )
)
for all X,Y ∈ p. Since Cθ is an Ad(L)-invariant bilinear form on l, its restriction to each simple
factor is a multiple of the Killing form of that factor. Together with (17), this yields
Ricg1 |k1×k1 = −g1, Ricg1 |p1×p1 = a · g1, a ∈ R.
The second identity allows us to apply Theorem 6.2 to the homogeneous space (L1/H1, g1), and
this contradicts the first identity (recall that k1 is not contained in the isotropy, by the results
of Section 3). Therefore, g = r as claimed. 
Proof of Theorem A. By the observations made at the beginning of this section, given a homo-
geneous space (Rn, g) with ricg = −g, after passing to a quotient we may assume that it has a
Levi presentation. Then by Theorem 6.3, (Rn, g) is a solvmanifold. 
Another immediate consequence of Theorem 6.3 is the following
Corollary 6.4. The group SL(2,R)k admits no left-invariant Einstein metrics for any k ≥ 1.
Proof. Since the group is semisimple and there is no isotropy, it is clear that the presentation
is a Levi presentation. Moreover, by [Mil76] it is well-known that this group does not admit
flat metrics. Therefore, by non-compactness any left-invariant Einstein metric would satisfy
ricg = −g up to scaling, contradicting Theorem 6.3. 
Since the Einstein condition is local, the same statement is of course true for any Lie group
locally isomorphic to SL(2,R)k, such as its universal cover. It is interesting to remark that this
result is in fact not a consequence of Theorem A, because there exist left-invariant metrics on
SL∗(2,R) which are isometric to a solvmanifold, see [GJ17]. Also, let us point out that this
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also implies non-existence of left-invariant Ricci soliton metrics on these Lie groups, since by
[Jab15a, Thm. 1.3] they must be Einstein.
Finally, we prove another application of Theorem A, stated in the introduction:
Proof of Corollary C. Let (Rn, g) be a homogeneous Ricci soliton with ricg +LXg = λ · g. For
λ ≥ 0, such solitons are by [Nab10], [PW09] quotients of the Riemannian product of a compact
homogeneous Einstein manifold and a flat Euclidean space. Since our underlying manifold
is Rn, we may therefore assume λ < 0: see [Mil76]. By [Jab14] there exists a presentation
(G/H, g) which makes (Rn, g) an algebraic soliton: the Ricci endomorphism at eH is given by
Ricg = λ · Id + D, with D the projection onto g/h ≃ TeHG/H of a derivation of g. Notice that
D is symmetric, and in particular a normal operator. Using Theorem 3.2 from [HPW15] we
obtain a one-dimensional homogeneous Einstein extension (Rn+1 = Gˆ/H, gˆ) with ricgˆ = λ · gˆ
(with pairwise isometric G-orbits, because G is normal in Gˆ).
Theorem A and Theorem 1.3 in [Jab15b] imply now that (Rn+1, gˆ) is an Einstein solv-
manifold, which is strongly solvable. As a consequence, by the very definition of strongly
solvable, there exists a solvable subgroup Sˆ of Gˆ which acts transitively on (Rn+1, gˆ). Applying
well-known properties of solvmanifolds we may also assume that dim Sˆ = n+ 1, see [GW88].
Let gˆ, g, sˆ denote the Lie algebras of Killing fields of (Rn+1, gˆ) corresponding to the isometric
group actions of Gˆ,G, Sˆ, respectively, and set s := sˆ ∩ g. Since g has codimension one inside
gˆ, s has codimension one inside sˆ. Moreover, s spans the tangent space to the G-orbits in
Gˆ/H, since otherwiser Sˆ would not be transitive in (Rn+1, gˆ). The corresponding connected
Lie subgroup S of G acts transitively on G/H, thus (G/H, g) is a solvmanifold and finally by
[Jab15a, Thm. 1.1] it is isometric to a solvsoliton, as claimed. 
Appendix A. The space of invariant metrics
Let G/H be a homogeneous space. Fix a background G-invariant Riemannian metric g¯
and consider the canonical reductive decomposition g = h ⊕ m, where m is the orthogonal
complement of h with respect to the Killing form of g. The space MG(G/H) of G-invariant
Riemannian metrics on G/H can be identified with the set of Ad(H)−invariant inner products
on m. The latter is an orbit
GL
H(m) · g¯ ⊂ Sym2(m),
where g¯ denotes also the inner product induced on m ≃ TeHG/H by the background metric.
Here Sym2(m) denotes the space of symmetric bilinear forms on m, GL(m) acts on it by the
usual change of basis action
(18) (Q · b)( · , · ) := b(Q−1· , Q−1· ), Q ∈ GL(m), b ∈ Sym2(m).
and GLH(m) is the centralizer of Ad(H)|m in GL(m). Thus, if O(m) ⊂ GL(m) denotes the
subgroup of g¯-orthogonal endomorphisms, and OH(m) = O(m) ∩ GLH(m), then the set of
Ad(H)−invariant inner products on m is also a homogeneous space
MG(G/H) ≃ GLH(m)/OH(m).
Moreover, if Q ⊂ GLH(m) is a closed subgroup big enough so that GLH(m) = QOH(m) then it
still acts transitively on GLH(m)/OH(m). In this way we also get a presentation
MG(G/H) ≃ Q/KQ,
where KQ = Q ∩ O
H(m) is a maximal compact subgroup of Q.
Lemma A.1. Let (gt)t∈I ⊂ M
G(G/H) ≃ Q/KQ be a smooth family of metrics. Then, there
exists a smooth lift (qt)t∈I ⊂ Q such that gt = qt · g¯ for all t ∈ I.
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The reductive decomposition induces an inclusion
(19) GL(m) ≃
[
Idh
GL(m)
]
⊂ GL(g) ,
according to which we set
AutHm(g) := Aut(g) ∩ GL
H(m) ,
where Aut(g) denotes the Lie group of automorphisms of the Lie algebra g.
Lemma A.2. Let g be a G-invariant metric on G/H, set o := eH and let f ∈ G normalizing
H. Then, the scalar products go, gf ·o induced respectively on m by g after the identifications
m ≃ ToG/H, m ≃ Tf ·oG/H satisfy
gf ·o( · , · ) = go
(
(Ad f−1)|m · , (Ad f
−1)|m·
)
,
with (Ad f−1)|m ∈ Aut
H
m(g).
Proof. Since the map f is an isometry, for a Killing field X ∈ m with flow Φs the vector field
X˜ given by X˜f ·p := dfpXp is again a Killing field, since its flow satisfies Φ˜s = f ◦Φs ◦ f
−1. As
a consequence X˜ = (Ad f)|mX ∈ m. Setting p := f · o, we deduce
(20) (df)oXo =
(
(Ad f)X
)
p
.
Using that f normalizes H we see that the isotropy subgroup at p is also H. In particular, we
also have m ≃ TpG/H under the usual identification X 7→ Xp. Hence, for X ∈ m we have
go(Xo, Xo) = gp
(
(df)oXo, (df)oXo
)
= gp
(
(Ad f)Xp, (Ad f)Xp
)
= gp
(
(Ad f)|mXp, (Ad f)|mXp
)
,
and the lemma follows. 
An analogous of the above lemma holds of course for any G-invariant tensor.
Corollary A.3. Let (g(t))t∈R be a smooth curve of homogeneous metrics on G/H and Lt be
defined by g′t( · , ·) = 2 gt(Lt · , ·). Suppose that there exists f ∈ G normalizing H and T > 0
such that gT+t = (Ad f)|m¯ · gt for all t ∈ R. Then
LT = (Ad f)|m¯ ◦ L0 ◦ (Ad f)|
−1
m¯ .
Proof. We write gt(· , · ) = g¯(Gt · , · ), where g¯ is a G¯-invariant background metric on Σ0. Then
by Lemma A.2 we have for all t ∈ R that GT+t = ((Ad f)|
−1
m¯ )
TGt(Ad f)|
−1
m¯ , the transpose
taken with respect to g¯. Using G′t = 2GtLt implies the claim. 
Lemma A.4. Semisimple subgroups of a semisimple Lie group are closed.
Proof. Let L be a Lie group whose Lie algebra splits as a direct sum of semisimple ideals
l = l1 ⊕ l2. Let Z(L) be the center of L and consider the universal cover L˜ and the centerless
quotient Lˇ := L/Z(L). Let Li (resp. L˜i, Lˇi) be the connected Lie subgroup of L (resp. L˜, Lˇ) with
Lie algebra li, i = 1, 2.
It is enough to show that L1 is a closed subgroup of L. For the universal cover this is clear,
as L˜ is isomorphic to the direct product L˜1 × L˜2. Notice that Lˇ ≃ L˜/Z(L˜), thus Lˇi ≃ L˜i/Z(L˜1)
and Lˇ is isomorphic to the direct product of the centerless subgroups Lˇ1 × Lˇ2. Assume on the
contrary that L1 is not closed in L. This means that its closure L¯1 must have strictly larger
dimension, and hence its intersection with L2 must have positive dimension. Let pi : L → Lˇ
denote the projection onto the quotient. Then pi(Li) is connected and with Lie algebra li, hence
equal to Lˇi. On the other hand,
pi(L¯1 ∩ L2) ⊂ pi(L¯1) ∩ pi(L2) ⊂ pi(L1) ∩ pi(L2) = Lˇ1 ∩ Lˇ2 = {e}.
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From this, L¯1 ∩ L2 ⊂ Z(L), and this is a contradiction since Z(L) is discrete. 
Appendix B. The endomorphism β associated to a homogeneous space
Let G/H be a homogeneous space endowed with a fixed, background G-invariant Riemannian
metric g¯, and assume that H is compact. Let g = h ⊕ m be the canonical reductive decom-
position, and extend g¯ from m to an AdH-invariant scalar product on all of g, also denoted
by g¯, and such that g¯(h,m) = 0. In this section, the notions of symmetric and orthogonal
endomorphisms of g are considered with respect to g¯ only.
Given any symmetric endomorphism β ∈ End(g) we now introduce the associated subgroups
Qβ, SLβ of GL(g) following [BL17], and we refer the reader to that article and [BL18] for proofs
of the results in this section. Consider the adjoint map ad(β) : End(g)→ End(g), A 7→ [β,A],
which is symmetric with respect to the scalar product trABt on End(g). If End(g)r denotes
the eigenspace of ad(β) with eigenvalue r ∈ R then End(g) =
⊕
r∈R End(g)r, and we set
gβ := End(g)0 = ker(ad(β)), uβ :=
⊕
r>0
End(g)r , qβ := gβ ⊕ uβ.
Definition B.1. We denote respectively by
Gβ := {g ∈ G : gβg
−1 = β}, Uβ := exp(uβ) and Qβ := GβUβ
the centralizer, the unipotent subgroup and the parabolic subgroup associated with β.
Of course their Lie algebras are respectively gβ , uβ and qβ . The group Uβ is nilpotent,
and Gβ is reductive with Cartan decomposition Gβ = Kβ exp(pβ), where Kβ = O(g) ∩ Gβ and
pβ = {A ∈ gβ : A = A
t}. Notice that β ∈ pβ, and that hβ := {A ∈ pβ : trAβ = 0} is a
codimension-one Lie subalgebra in pβ . We set
Hβ := Kβ exp(hβ), SLβ := HβUβ , Lie(SLβ) := slβ .
At Lie algebra level we have an orthogonal decomposition qβ = Rβ ⊕ slβ .
One of the most important properties Qβ has is that
GL(g) = O(g)Qβ .
If in addition β preserves the decomposition g = h⊕m, then by [BL18, (46)] and Appendix A
the subgroup
Q
H
β := Qβ ∩ GL
H(m) ⊂ GL(m)(21)
acts transitively on the space of Ad(H)-invariant scalar products on m. The latter is of course
in one-to-one correspondence with the space MG(G/H) of G-invariant metrics. Thus,
(22) MG(G/H) = QHβ · g¯.
Theorem B.2. [BL17, BL18] Given the homogeneous space G/H, there exists a g¯-symmetric
endomorphism β ∈ End(g) associated to it, normalized so that tr β = −1, and satisfying:
1. (Positivity) The endomorphism β+ := β/‖β‖2+ Idg is positive semi-definite, and its kernel
is the orthogonal complement of the nilradical of g. In particular, β+ preserves m.
2. (Automorphism group constraint) We have that Aut(g) ≤ SLβ.
3. (Ricci curvature estimate) For any G-invariant metric g = q · g¯ on G/H, q ∈ QHβ , its Ricci
endomorphism satisfies
trRicg qβ
+q−1 + g(Hg,Hg) ≥ 0,
with equality if and only if qβ+q−1 ∈ Der(g). Here Hg ∈ m denotes the mean curvature
vector of (G/H, g), and by β+ we mean β+|m, see condition 1.
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Proof. Let β be the stratum label corresponding to g, see [BL18, §5]. Recall that for a sym-
metric endomorphism, the kernel is the orthogonal complement of the image. Thus, property
1. follows from Lemma 5.1 in [BL18]. Property 2. is simply Corollary 4.11 in [BL18]. Regarding
3. , in the notation of [BL18] we write Ricg = qRicµ q
−1, where µ = q−1 · [·, ·] and [·, ·] is the
Lie bracket of g. We may further decompose
Ricµ = Ric
∗
µ−S(adµHµ),
with Ric∗µ ⊥ Der(µ), and notice that Hµ = q
−1Hg. Thus.
trRicg qβ
+q−1 + g(Hg,Hg) = trRic
∗
µ β
+ − tr(adµHµ)β
+ + g¯(Hµ,Hµ).
Since adµHµ ∈ Der(µ) ⊂ slβ ⊥ β, the second term equals − tr adµHµ = −g¯(Hµ,Hµ) by
definition of Hµ. Thus, the right-hand-side equals tr Ric
∗
µ β
+, which is non-negative by Lemma
6.2 in [BL18]. Finally, the equality condition follows from Der(µ) = q−1Der(g)q. 
Lemma B.3. Let S ∈ End(g) be a g¯-symmetric endomorphism, and Q ∈ qβ be such that
S +Q ∈ so(g, g¯). Then, trS[Q, β] ≥ 0, with equality if and only if [Q, β] = 0.
Proof. Since the map E 7→ −ET is an involutive automorphism of the Lie algebra End(g),
the ad(β)-eigenspaces introduced above satisfy in addition End(g)Tλ = End(g)−λ for all λ ≥ 0.
From this, it is clear that an endomorphism
E := E0 +
∑
λ>0
(Eλ + E−λ), Eλ ∈ End(g)λ ∀λ,
is symmetric if and only if E−λ = E
T
λ for all λ ≥ 0, and it is skew-symmetric if and only if
E−λ = −E
T
λ for all λ ≥ 0.
By definition of qβ, we may write Q =
∑
λ≥0Qλ, with Qλ ∈ End(g)λ. Since S is symmetric
we may write it as S = S0 +
∑
λ>0(Sλ + S
T
λ ). In view of the above observation, the condition
S +Q ∈ so(g, g¯) implies Qλ = −2Sλ, for all λ > 0. Hence,
trS[Q, β] = − tr[β,Q]S = −
∑
λ>0
λ trQλS = −
∑
λ>0
λ〈Qλ, S〉 = 2
∑
λ>0
λ ‖Sλ‖
2 ≥ 0.
Equality occurs if and only if Sλ = 0 for all λ > 0, that is, [S, β] = 0. Moreover, since
Qλ = −2Sλ for λ > 0, this is also equivalent to [Q, β] = 0. 
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